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============

For motivation, consider as a toy example the space of polynomials on $\documentclass[12pt]{minimal}
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                \begin{document}$$\{p_{\alpha }\}$$\end{document}$ be an orthonormal basis of polynomials that vanish to order at least $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \rho ^\varepsilon _{k} (z) := \sum _{\alpha } |p_{\alpha }(z)|^2 e^{-k|z|^2}. \end{aligned}$$\end{document}$$This is independent of choice of orthonormal basis, and our interest lies in its asymptotic behaviour as *k* tends to infinity. Using a basis in which the basis $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} k^{-d}\rho ^\varepsilon _{k}(x) \sim \frac{1}{\sqrt{2\pi x}}\int _{-\infty }^{\sqrt{k}(x-\varepsilon )} e^{-\frac{t^2}{2x}} dt\quad \text { for }k\gg 0. \end{aligned}$$\end{document}$$This can be seen, for instance, through the Central Limit Theorem applied to *k* independent Poisson random variables with parameter *x*. Thus $\documentclass[12pt]{minimal}
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In this paper we study the analogous partial density function associated to sections of high powers of a positive hermitian line bundle that vanish to a particular order along a fixed divisor. Similar density functions have found a wide range of uses, including the study of random matrices (e.g. Shiffman--Zelditch \[[@CR26]\], Berman \[[@CR2]\]), in Kähler geometry (e.g. Pokorny--Singer \[[@CR21]\], Ross--Witt-Nyström \[[@CR23]\]) and in dimension $\documentclass[12pt]{minimal}
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In the work of Shiffman--Zelditch \[[@CR26]\] it is shown, essentially in the toric case, that there is a subset in which the partial density function is exponentially small (and it is here that this is given the name "forbidden region"). Through work of Berman \[[@CR1]\] it is known (at least when the base is compact) that there is again an open forbidden region *R* containing the divisor such that asymptotically the partial density function is exponentially small on compact subsets of *R* and is equal to the usual density function on compact subsets of the complement of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{R}$$\end{document}$. This has been studied again in detail in the toric case \[[@CR21]\] but other than this rather little is known about the behaviour of the partial density function near the boundary of *R*.

Our results below give an essentially complete description of the partial density function when all the data in question are invariant under a local holomorphic $\documentclass[12pt]{minimal}
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                \begin{document}$$k^{1/2}$$\end{document}$ whose terms depend on the curvature of the hermitian metric, all of which are (in principle) computable. Moreover, by working out the leading term we recover the existence of this forbidden region and show that the partial density function has the same error-function behaviour across its boundary as it does in the model case ([1.2](#Equ2){ref-type=""}).

Before stating precise theorems we return once more to the toy example above. A convenient way to express the existence of an asymptotic expansion is through the semi-classical variable $\documentclass[12pt]{minimal}
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With this in mind we state our main results. Let *X* be a compact complex manifold and *L* be a holomorphic line bundle with a positive smooth hermitian metric *h*. These induce an $\documentclass[12pt]{minimal}
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Theorem 1.1 {#FPar1}
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Given the above data, for sufficiently small $\documentclass[12pt]{minimal}
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By this statement we mean that equality holds on any given compact subset of $\documentclass[12pt]{minimal}
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We refer the reader Appendix 1 for a summary of this real-blowup that is denoted $\documentclass[12pt]{minimal}
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The idea of the proof is as follows. Consider first the case that *X* is one dimensional. Then looking locally we are essentially interested in the case *X* is the unit disc with coordinate *z* and *Y* is the origin. Since all the data are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^1$$\end{document}$-invariant, the set of monomials $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$L^2$$\end{document}$-length. Using the moment-variable (given by a Legendre transform of the potential defining the metric) this can be done with a combination of standard techniques, namely Laplace's method to calculate the integrals defining the length of these functions, and then a combination of Laplace's method and the Euler--Maclaurin formula to expand the resulting sum in powers of *k*. This gives a local formula for a quantity that ought to be the partial density function, and one argues that this is in fact the case up to insignificant terms.

Our real interest is the case of higher dimension. Here we argue similarly, replacing the powers of *z* with powers of a choice of defining section for *Y*. We then use a parameterized version of the Legendre transform to deal with the directions normal to *Y*. In fact, we interpret this Legendre transform as giving a family of hermitian metrics on certain line bundles on *Y* which, along with a family of volume forms that we construct, gives a family of density functions on *Y* (that play the role of the normalising of the sections $\documentclass[12pt]{minimal}
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                \begin{document}$$z^{j}$$\end{document}$ to have unit length). Together these can be summed to give a quantity that ought to be the partial density function, and again one proves this is the case up to insignificant terms. Then, using essentially the same techniques as in the one-dimensional case, we prove that it has the desired asymptotic expansion in powers of *k*. We refer the reader to Sect. [5](#Sec12){ref-type="sec"} for a more detailed summary.

**Added in Proof:** The reader interested in this topic should be aware of recent work of Zelditch-Zhou \[[@CR32]\] who have since proved similar results on the interface behaviour of the partial density function.

Partial Bergman Kernels {#Sec2}
=======================

The density function of a hermitian line bundle is the restriction to the diagonal of the Bergman kernel, which is the reproducing kernel for the $\documentclass[12pt]{minimal}
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Definition of Partial Bergman Kernels {#Sec3}
-------------------------------------

We start by recalling some standard notation and terminology. Let *L* be a holomorphic line bundle on a complex manifold *X* of dimension *d*, and *h* be a hermitian metric on *L*. Given a local holomorphic trivialization $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi $$\end{document}$ is a (plurisubharmonic potential) for *L*' instead of *h* is a metric on *L* (with positive curvature).

If *s* is a section of *L* then by abuse of notation we let *s* also denote its local representative in a given trivialization: thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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### Definition 2.1 {#FPar3}
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### Definition 2.2 {#FPar4}

The *partial Bergman kernel* (PBK) for $\documentclass[12pt]{minimal}
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### Definition 2.3 {#FPar5}

The *partial density function* (PDF) $\documentclass[12pt]{minimal}
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Existence and Basic Properties {#Sec4}
------------------------------

The existence of the PBK follows from standard functional analysis considerations. Suppose that *X* is either a compact Kähler manifold, or else a bounded domain, with smooth boundary, in a Kähler manifold.
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### Remark 2.4 {#FPar6}
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### Remark 2.5 {#FPar7}
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Bounds for Bergman Kernels {#Sec5}
--------------------------

For convenience we recall here some basic estimates related to Bergman kernels. The fundamental '$\documentclass[12pt]{minimal}
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On a Kähler manifold *X* we denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{z}(\delta )$$\end{document}$ the geodesic ball of radius $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta $$\end{document}$ centred at *z* (taken with respect to the given Kähler metric). As usual *L* will be a holomorphic line bundle on *X* with smooth strictly plurisubharmonic potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi $$\end{document}$.

### Proposition 2.6 {#FPar8}
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### Proof {#FPar9}
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### Corollary 2.7 {#FPar10}
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### Corollary 2.8 {#FPar12}

Suppose *X* is compact. Then there is a constant *C* such that$$\documentclass[12pt]{minimal}
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Decay Away from the Diagonal {#Sec6}
----------------------------

We wish to discuss the well known fact that the Bergman kernel decays exponentially fast away from the diagonal (see, for instance, \[[@CR15], Proposition 9\], \[[@CR6], Prop 4.1\], \[[@CR8]\], \[[@CR18], Thm 0.1\]). We let $\documentclass[12pt]{minimal}
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### Theorem 2.9 {#FPar14}

(Decay away from the diagonal) The Bergman kernel $\documentclass[12pt]{minimal}
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For convenience of the reader we give a proof of this fact, based on a variant of the "Donnelly-Fefferman trick" essentially due to Bo Berndtsson \[[@CR4]\] (and whom we thank for pointing us in this direction).
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We remark that the above statement may well be suboptimal but is sufficient for our purpose (the statement in \[[@CR4], Theorem 2.1\] replaces the terms 2*c* and the $\documentclass[12pt]{minimal}
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### Proof {#FPar16}
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Extremal Envelopes {#Sec7}
------------------
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### Definition 2.11 {#FPar18}
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### Proposition 2.13 {#FPar20}

Assume *X* is compact. Then there exists a constant *C* such that$$\documentclass[12pt]{minimal}
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### Remark 2.14 {#FPar22}
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Local Bergman Kernels {#Sec8}
=====================

We next adapt a key idea of Berman--Berndtsson--Sjöstrand \[[@CR3]\] who introduced the concept of a local Bergman kernel which has the reproducing property up to a term that is negligible for large *k*. Our aim is to give a suitable definition of a local PBK that is defined on a neighbourhood of *Y*.
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Definition 3.1 {#FPar23}
--------------
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Remark 3.2 {#FPar24}
----------

Our terminology differs slightly from that of Berman--Berndtsson--Sjöstrand in that we include the decay away from the diagonal as part of the definition. It is sometimes convenient to allow $\documentclass[12pt]{minimal}
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The point of this definition is that, as proved in \[[@CR3]\], a local PBK approximates the globally defined PBK in a neighbourhood of the diagonal of $\documentclass[12pt]{minimal}
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Theorem 3.3 {#FPar25}
-----------
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Proof {#FPar26}
-----
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In this section we construct a local Bergman kernel for a potential on the unit disc that is circle invariant. The method here is less general than the construction of Berman--Berndtsson--Sjöstrand but is better suited to dealing with partial Bergman kernels. Strictly speaking the content of this section is not needed for the proof of our main theorem, since it will be repeated when we generalize in Sect. [5](#Sec12){ref-type="sec"}; we have included it here as an illustration of the main ideas of our approach.
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Outline of the Construction {#Sec13}
---------------------------
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### Proposition 5.1 {#FPar29}
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The proof of this proposition is essentially a standard stationary phase argument for the integral ([5.2](#Equ66){ref-type=""}). To give a rough idea of the argument, consider the local situation. In standard local coordinates $\documentclass[12pt]{minimal}
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We now go through the details of these two results.

Circle-invariant Set-up {#Sec14}
-----------------------
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### Lemma 5.4 {#FPar33}
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We omit the proof.
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### Definition 5.6 {#FPar36}
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The Local Legendre Transformation {#Sec15}
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### Definition 5.7 {#FPar37}
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### Proof {#FPar39}
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### Remark 5.9 {#FPar40}

The statement that for fixed *x* the map $\documentclass[12pt]{minimal}
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### Lemma 5.10 {#FPar41}
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### Proof {#FPar42}
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The Global Legendre Transform {#Sec16}
-----------------------------

### Definition 5.11 {#FPar43}

Let *u*(*x*, *w*) be the locally defined Legendre transform from ([5.8](#Equ72){ref-type=""}). We set$$\documentclass[12pt]{minimal}
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### Lemma 5.12 {#FPar44}

The above locally defined expression for $\documentclass[12pt]{minimal}
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### Proof {#FPar45}

Consider a cover by standard coordinates $\documentclass[12pt]{minimal}
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### Proof {#FPar47}
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### Remark 5.14 {#FPar48}
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The Extremal Envelope {#Sec17}
---------------------

The circle-invariant set-up allows us to identify the extremal envelope and the forbidden region explicitly in terms of the moment map, the potential and the Legendre transform.
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### Remark 5.15 {#FPar49}

The Definition ([5.20](#Equ84){ref-type=""}) can be motivated as follows. The simplest possible function with correct Lelong number has the form $\documentclass[12pt]{minimal}
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Then we have

### Theorem 5.16 {#FPar50}
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### Proof {#FPar51}
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### Corollary 5.17 {#FPar52}
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### Proof {#FPar53}
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### Remark 5.18 {#FPar54}
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As an application of this explicit identification of the extremal envelope, we prove the following technical result.

### Lemma 5.19 {#FPar55}

Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in H^{\varepsilon 'k}_{k\varphi }(U)$$\end{document}$ and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Omega '\Subset \mu ^{-1}[0,\varepsilon '). \end{aligned}$$\end{document}$$Then there are constants *C* and *c* such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sup _{\Omega '}|f|_{k\varphi } \leqslant Ce^{-ck}\Vert f\Vert _{k\varphi ,U} \end{aligned}$$\end{document}$$

### Proof {#FPar56}
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A Modified Glueing Result {#Sec18}
-------------------------

We will need a slight modification of our glueing result that relaxes the decay away from the diagonal condition in the presence of a holomorphic $\documentclass[12pt]{minimal}
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### Definition 5.20 {#FPar57}
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### Remark 5.21 {#FPar58}

The above form of decay away from the diagonal may appear rather unusual, in that the decay is faster in the directions normal to *Y* than other directions. We have stated it in this way simply because that is what our particular construction of $\documentclass[12pt]{minimal}
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### Proof {#FPar60}

The proof is the same as that of Theorem [3.3](#FPar25){ref-type="sec"}. The only place in which we used the decay away form the diagonal was in ([3.7](#Equ47){ref-type=""}). But if $\documentclass[12pt]{minimal}
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The Local Partial Bergman Kernel {#Sec19}
--------------------------------

We are now ready to define our local PBK. For $\documentclass[12pt]{minimal}
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### Definition 5.23 {#FPar61}
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### Theorem 5.24 {#FPar62}
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Before the proof we make a convenient definition:

### Definition 5.25 {#FPar63}
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Proof of Main Theorems {#Sec20}
======================

We now put what we have done together to prove the main theorems. The main task is to understand the asymptotics of our $\documentclass[12pt]{minimal}
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We start by recalling the well-known asymptotic expansion of the Bergman kernel. Let $\documentclass[12pt]{minimal}
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Theorem 6.1 {#FPar67}
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Proof {#FPar68}
-----

The first statement is the famous asymptotic expansion of the Bergman kernel, due to Fefferman \[[@CR9]\], Catlin \[[@CR5]\], Tian \[[@CR30]\] and Zelditch \[[@CR31]\], The statement that the error term may be taken uniformly follows from the same proofs (e.g. it is clear that this is the case for the local Bergman Kernel of \[[@CR3]\], and the glueing theorem of \[[@CR3], Thm 3.1\] uses the Hörmander estimate which gives a uniform error given the assumed bound on $\documentclass[12pt]{minimal}
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Proof {#FPar69}
-----
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Remark 6.2 {#FPar70}
----------

For later use, observe that from the leading order term of d$\documentclass[12pt]{minimal}
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Thus it remains only to analyse the integral in the right hand side of ([6.3](#Equ93){ref-type=""}) which can be done by Laplace's method. In slightly more detail observe that $\documentclass[12pt]{minimal}
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An Application {#Sec21}
==============

We end with an application of our main theorem to the study of a certain natural function introduced by Ross-Witt Nyström \[[@CR22]\] that one can associate to a divisor on a Kähler manifold.

Fix a line bundle *L* on a compact complex manifold *X* with hermitian metric $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e^{-\varphi }$$\end{document}$. Then the order of vanishing of sections along a divisor *Y* determines a finite length filtration$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H^0(L^k) \supset H^0(L^k\otimes \mathscr {I}_Y) \supset H^0(L^k\otimes \mathscr {I}_Y^2)\supset \cdots \supset \{0\}. \end{aligned}$$\end{document}$$Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {ord}}_Y(s)$$\end{document}$ denote the order of vanishing of a section *s* along *Y*, and suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{s_{\alpha ,k}\}$$\end{document}$ is an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2$$\end{document}$-orthonormal basis for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^0(L^k)$$\end{document}$ that is compatible with this filtration, i.e. for each *j* the set$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \{ s_{\alpha ,k} : {\text {ord}}_Y(s_{\alpha ,k})\geqslant j\} \end{aligned}$$\end{document}$$is a basis for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^0(L^k\otimes \mathscr {I}_Y^j)$$\end{document}$,

Definition 7.1 {#FPar71}
--------------

Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_k:X\rightarrow \mathbb R$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M_k(z) = \frac{\sum _{\alpha } {\text {ord}}_Y(s_{\alpha ,k}) |s_{\alpha ,k}|^2_{k\varphi } }{k\sum _{\alpha } |s_{\alpha ,k}|^2_{k\varphi }}. \end{aligned}$$\end{document}$$

One can check directly that this definition does not depend on choice of compatible orthonormal basis, and thus defines a natural smooth function on *X* associated to *Y* and the hermitian metric on *L*.

Theorem 7.2 {#FPar72}
-----------
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Appendix 1: The Real Blow-up {#Sec22}
============================

For the reader's convenience we collect here some elementary properties of a special case of the real blow-up. More details and constructions of greater generality can be found in Melrose's book \[[@CR16], Chapter 5\], as well as in \[[@CR11]\] and \[[@CR10], Section 2.3\].

Definition 8.1 {#FPar75}
--------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{+}^1 = \{ e^{i\theta } :\theta \in [0,\pi ]\}\subset \mathbb R^2$$\end{document}$ be the upper-semicircle. The *real blow-up* of the upper-half space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb R\times \mathbb R_{\geqslant 0}$$\end{document}$ at the point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p=(0,0)$$\end{document}$ is defined to be$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}{}[\mathbb R\times \mathbb R_{\geqslant 0}; p]:= \mathbb R_{\geqslant 0} \times S_{+}^1 \end{aligned}$$\end{document}$$along with the *blow-down* map$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \beta :[\mathbb R\times \mathbb R_{\geqslant 0}; p]\rightarrow \mathbb R\times \mathbb R_{\geqslant 0}\quad \beta (r,e^{i\theta }) = re^{i\theta }. \end{aligned}$$\end{document}$$

Thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\mathbb R\times \mathbb R_{\geqslant 0}; p]$$\end{document}$ is the upper half-space with a copy of the semicircle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^1_+$$\end{document}$ inserted at the origin, which we consider as a manifold-with-corners. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ is smooth, and moreover is a diffeomorphism away from the *exceptional set* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E= \beta ^{-1}(p) =\{ (0,e^{i\theta }) : \theta \in [0,\pi ]\}$$\end{document}$. The boundary of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ [\mathbb R\times \mathbb R_{\geqslant 0}; p]$$\end{document}$ has three pieces, namely *E* and the two axes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{\pm } = \{ (r,\pm 1) : r\in \mathbb R_{\geqslant 0}\}$$\end{document}$, and two corners $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{\pm } = H_{\pm }\cap E$$\end{document}$.
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Appendix 2: The Euler--Maclaurin Formula {#Sec23}
========================================
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Theorem 9.1 {#FPar76}
-----------
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Proof {#FPar77}
-----

This is proved, for example, in \[[@CR27], Theorem 5\]. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\mapsto U(\nu ,x,w)$$\end{document}$ has its (unique) critical point at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x=\nu $$\end{document}$ it is convenient to make a further change of variables by setting$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} q_{\hbar }(s) = p_{\hbar }\left( \frac{x-\hbar s}{\hbar ^2}\right) . \end{aligned}$$\end{document}$$Observe then that from ([9.1](#Equ95){ref-type=""})$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} q_{\hbar }(s)= e^{-\hbar ^{-2} U(x-\hbar s,x,w)}\alpha (x-\hbar s,x,w) = e^{-U_{xx} (x,x,w)s^2 + O(\hbar )} \alpha (x-\hbar s,x,w) \end{aligned}$$\end{document}$$which has bounded derivatives with respect to *s* uniformly as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hbar $$\end{document}$ tends to 0.

Proposition 9.2 {#FPar78}
---------------
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Proof {#FPar79}
-----
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Appendix 3: Laplace's Method {#Sec24}
============================

We now give an account of Laplace's method \[[@CR28]\] tailored to our requirements (see also \[[@CR29]\]). We are concerned with obtaining the large-*k* asymptotic behaviour of integrals of the form$$\documentclass[12pt]{minimal}
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3.1. Incomplete Gaussian Integrals {#Sec25}
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### Theorem 10.1 {#FPar80}
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### Proof {#FPar81}
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3.2. More General Exponentials {#Sec26}
------------------------------

We now consider the changes needed to adapt this method to the more general exponents appearing in$$\documentclass[12pt]{minimal}
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Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j = 2\nu + 1$$\end{document}$ is odd. Then there exist a sequence of smooth functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{i,j}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=0,\ldots , 3\nu +1$$\end{document}$, such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H^{(2\nu +1)}(0) = -\frac{\hbar ^{2\nu +1}}{\sqrt{2\pi }} \sum _{i=0}^{3\nu +1} \alpha _{i,j}(\hbar y)y^{2i}e^{-y^2/2} - \hbar ^{2\nu + 2}Z(x,\hbar ;\mathscr {D}^{3\nu +2}(q^j\alpha )). \end{aligned}$$\end{document}$$Similarly, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=2\nu \geqslant 2$$\end{document}$ is even, then there exists a sequence of smooth functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{i,j}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=0,\ldots , 3\nu -1$$\end{document}$, such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H^{(2\nu )}(0)= & {} \frac{1}{\sqrt{2\pi }}\left( \hbar ^{2\nu } \sum _{i=0}^{3\nu -1} \alpha _{i,2\nu }(\hbar y)y^{2i+1}e^{-y^2/2} + \hbar ^{2\nu +1} \delta _0\mathscr {D}^{3\nu }(q^{2\nu }\alpha )(\hbar y)e^{-y^2/2} \right) \nonumber \\&+\, \hbar ^{2\nu + 2}Z(x,\hbar ;\mathscr {D}^{3\nu +1}(q^{2\nu }\alpha )). \end{aligned}$$\end{document}$$More precisely, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{i,j}$$\end{document}$ are defined as follows:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha _{i,2\nu +1}(x)x^{2i} = \delta _0\mathscr {D}^{3\nu +1-i}(q^{2\nu +1}\alpha ) \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha _{i,2\nu }(x)x^{2i+1} = \delta _0\mathscr {D}^{3\nu -i}(q^{2\nu }\alpha ). \end{aligned}$$\end{document}$$

### Remark 10.3 {#FPar83}
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### Remark 10.4 {#FPar84}
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3.3. Lifting to the Real Blow-up {#Sec27}
--------------------------------

The above formulae can be given a geometric flavour through the introduction of the real blow-up $\documentclass[12pt]{minimal}
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### Theorem 10.5 {#FPar85}
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Similarly, in these coordinates,$$\documentclass[12pt]{minimal}
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3.4. Proofs {#Sec28}
-----------

To prove Theorem [10.2](#FPar82){ref-type="sec"} we start with a lemma:

### Lemma 10.6 {#FPar87}

Suppose that *g*(*t*) is smooth, with all derivatives bounded, and vanishes to order *m* at 0: in other words,$$\documentclass[12pt]{minimal}
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### Proof {#FPar88}

The question is local to 0, so we can use the representation$$\documentclass[12pt]{minimal}
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3.5. Remainder Term {#Sec29}
-------------------

It remains only to estimate the error term $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^{(p)}(\lambda )$$\end{document}$ in ([10.29](#Equ128){ref-type=""}). Of course$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H^{(p)}(\lambda ) = \frac{(-1)^p}{\sqrt{2\pi }\hbar ^{2p+1}}\int _{-\infty }^x e^{-kf_\lambda (t)}q(t)^{p+1}\alpha (t)\,{\mathrm d}t. \end{aligned}$$\end{document}$$On the assumption that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f_\lambda (t) \geqslant t^2/4 \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in {{\mathrm{supp}}}(\alpha )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0\leqslant \lambda \leqslant 1$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |H^{(p)}(\lambda )|\leqslant & {} \frac{1}{\sqrt{2\pi }\hbar ^{2p+2}}\int _{-\infty }^x e^{-t^2/4}|q(t)|^{p+1}|\alpha (t)|\,{\mathrm d}t \nonumber \\\leqslant & {} \frac{1}{\sqrt{2\pi }\hbar ^{2p}}\int _{-\infty }^x e^{-kt^2/4}Q^{p+1}|t^{3p+3}\alpha (t)|\,{\mathrm d}t \end{aligned}$$\end{document}$$Making the change of variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t= \hbar s$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x = \hbar y$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |H^{(p)}(\lambda )| \leqslant \frac{\hbar ^{p+1}}{\sqrt{2\pi }}\int _{-\infty }^y e^{-s^2/4}Q^{p+1}|s^{3p+3}\alpha (\hbar s)|\,{\mathrm d}s \end{aligned}$$\end{document}$$

Note the factor of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\pi $$\end{document}$.

During this work JR was supported by an EPSRC Career Acceleration Fellowship (EP/J002062/1) and MS by the Leverhulme Trust. The authors wish to thank Bo Berndtsson, David Witt Nyström, Håkan Hedenmalm and Steve Zelditch for helpful conversations.
